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1989 BC1

Let f be a function such that f"(x) =6x +8.
(a) Find f(x) if the graph of f is tangent to the line 3x—y =2 at the point (0,-2).

(b) Find the average value of f(X) on the closed interval [—1,1].
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1989 BC1
Solution

(@) [’ (x) 3x* +8x+C
7'(0)=3

Cc=3

f(x =x’ +4x*+3x+d
d=-2

f() X’ +4x" +3x -2

(b) 1_ ) Ill (x* +4x* +3x-2)dx

1-(-1)

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1989 BC2

2

X .
Let R be the region enclosed by the graph of y = et theline x=1, and the x-axis.

(a) Find the area of R .

(b) Find the volume of the solid generated when R is rotated about the y-axis.
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1989 BC2
Solution

1 2

X
(a) Area 241 > +1dx

0o X

‘ 1
=%]1— 5 dx
0 x°+1

1
= x —arctan x 0

:1—7_T
4
"o O
(b) Volume =277, xDZX—Ddx
o ¥ FI0

1
:277§:| x—zx dx
o X+l

= 271%%2 —%ln‘xz + 1@

1

N 0
=m(1-In2)
or
1/2
O
Volume = 77 H —LDdy
o O 1-yO

1/2

0

:lT(2y +ln|y—1|)‘
(1 -1n2)
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1989 BC3

Consider the function f defined by f(x) =€*cosx with domain [0,277].
(a) Find the absolute maximum and minimum values of f(X).

(b) Find the intervals on which f is increasing.

(c) Find the x-coordinate of each point of inflection of the graph of f.
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1989 BC3
Solution

(a) [ (x) = —¢"sinx+e" cosx

=e" [cos X —sin x]

f'(x)ZO when sin x =cos x, x:7—T,5—”
4 4
x | f(x)
0 1
]_T ﬁ /4
4 2 €
5_77 \/5 Sm/4
-——e¢
4 2
27T e
Max: e*”; Min: —%es”/“
o S e - e
[ [ I |
4 4
Increasing on E),ED X Eﬁﬂ,ZﬂD
4 Ha""'H

(c) 1 (x) = [—sinx—cosx] +e* [cosx —sinx]
=-2¢"sinx

f'(x)ZOWhen x=0,7,27T

Point of inflection at x =77
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1989 BC4
Consider the curve given by the parametric equations
x=2-3t" and y=¢£ -12¢

dy
Int ft,find —.
(a) Interms o n Ix
(b) Write an equation for the line tangent to the curve at the point where t=-1.

(¢) Find the x- and y-coordinates for each critical point on the curve and identify each
point as having a vertical or horizontal tangent.
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1989 BC4
Solution

dy 2
a) — =3¢t -12
()dt

= 62— 61
dt
dy _3-12 _ # -4 _(1+2)(r-2)

de 6 -6t 200-2  21(t-1)

(b) x=-5, y=11

v__3
dx 4
y-11 :—§(x+5)
4
or
- 32
YTy
4y+3x=29
© ¢ (x,») type
-2 (-28,16)  horizontal
0 (0,0) vertical
1 (-1,-11)  vertical
2 (4, -1 6) horizontal
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1989 BCS

Atany time t=0, the velocity of a particle traveling along the x-axis is given by the

differential equation % -10x = 60e*".

(a) Find the general solution X(t) for the position of the particle.

(b) If the position of the particle at time t=0 is x = -8, find the particular solution X(t)
for the position of the particle.

(c) Use the particular solution from part (b) to find the time at which the particle is at
rest.
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1989 BC5
Solution

a) Integrating Factor: e_I o =
(a) Integrating

i(xe—]Ot) = 60e e

dt

xe " =—-10e +C
x(t) = -10e" + Ce'™

or

x, (t)=Ce"™

x, = Ae*

44e* —104e" =60e"

A=-10

x(t) =Ce"" —10e"

(b) -8=C—-10; C =2
x(t) =2¢'" —10e"

(c) @ _ 20e'" —40e"
dt

20e'" —40e* =0

:lan
6
or
@—10(—105“ +2e‘°f) = 60e*
dt

0+100e* —20e"" = 60e"

t:lln2
6
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1989 BC6

Let f be a function that is everywhere differentiable and that has the following properties.

Jf(x) +f(h)
fEx)+f(=h)

(i) f(x)>0 for all real numbers x .

for all real numbers 4 and x .

(i) f(x+h)=

(1) f'(0)=-1.

(a) Find the value of f(0).

(b) Show that f(-x) =

1
for all real numbers x .
J(x)
(c) Using part (b), show that f(x +h)= f(x) f(h) for all real numbers 4 and x .

(d) Use the definition of the derivative to find f"(x) in terms of f(x).
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1989 BC6

Solution
(a) Letx=h=0
o
(b) Leth=0
fx+0)=r(x)= (-(xg+fEO)0)

Usef(O) =1 and solve for f (x) -]

f(=x)
or
Note that f(—x +0) = % is the reciprocal of f{x).
h
© s () =L L)1)
+
f(x) 1 (h)
SO
ODIOIAR
=/ (x)f ()

h
i L) ()= ()
h-0 h
f(h)-1
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1990 BC1

A particle starts at time t =0 and moves along the x-axis so that its position at any time
t>0 is given by x(t)= (t-1)°(2t-3).

(a) Find the velocity of the particle at any time t > 0.
(b) For what values of ¢ is the velocity of the particle less than zero?

(c) Find the value of ¢ when the particle is moving and the acceleration is zero.



1990 BC1
Solution

(a) v(t) =x (t)
=3(¢-1) (20 -3)+2(¢-1)
=(t-1)" (8¢-11)
(b) v(£) <0 when (z-1)" (8z-11)<0
Therefore 8 —11<0 and t #1

0rt<% and ¢t #1

) . 11
Since 20, answeris 0<¢ < g, except =1

I
o
<
=
(¢]
S
<

I

\:—‘

~
I
I

. . 5
but particle not moving at t =1 so ¢ =Z



1990 BC2

Let R be the region in the xy-plane between the graphs of y=€" andy=¢e" from
x=0 to x=2.

(a) Find the volume of the solid generated when R is revolved about the x-axis.

(b) Find the volume of the solid generated when R is revolved about the y-axis.



1990 BC2
Solution

@V =7TI: (ez" —e_z")dx
2

n%elr +%e—2x§
0

_ O, 1, O 1
—7T§e4 +§e ¢ Bz+2%

=T e -2f

() V =271], x B ~e " Fx

= 27T§<(ex +e_") —I e te dxé2
0



1990 BC3
Let f(x)=12-x"forx=0and f(x)=0.

(a) The line tangent to the graph of f at the point (k, f(k)) intercepts the x-axis at
x =4. What is the value of k£ ?

(b) An isosceles triangle whose base is the interval from (0,0) to (¢,0) has its vertex on
the graph of /. For what value of ¢ does the triangle have maximum area? Justify
your answer.



1990 BC3
Solution

(a) f(x) =12 -x%; f'(x) =-2x

slope of tangent line at

(k. ()= 2k
line through (4,0)&(k, f (k)) has slope
f(k)—O _ 12-k7

k-4 k-4
so —2k =27 0 ¢ 41220

k=2or k=6 butf(6)=-24

so 6 is not in the domain.

k=2
1 e 1 O, 0
(b) A==clf =—c2-—
2P BH 2E 4
3
c
=6c—— on ,4\/3
g on .43
2 2
A 63 63 ) whenc=4.
dc 8 8
Candidate test First derivative
.A A' | +
0 [
0
4 16 (_Max
43| 0
second derivative
d*A _ . )
> =-3<0 so ¢ =4 gives a relative max.
dC c=4

¢ =4 is the only critical value in the domain interval, therefore maximum



1990 BC4

Let R be the region inside the graph of the polar curve » =2 and outside the graph of the
polar curve r=2(1-sin 6).

(a) Sketch the two polar curves in the xy-plane provided below and shade the region R

(b) Find the area of R .



1990 BC4
Solution

(a)

(b)

A :%J :%2 —(2(1—sin9))25d9
=) J'O”(zsiner—sin2 6)do

= 4IOHSin 6deo —J'On(l —-Cos 20) dé

= —4cos€|g— %—%sin2ﬁa
0

=E4(-1)+4()g-[7-]

=8-7




1990 BCS

Let f be the function defined by f(x) = ﬁ .

(a) Write the first four terms and the general term of the Taylor series expansion of
f(x) about x =2.

(b) Use the result from part (a) to find the first four terms and the general term of the
series expansion about x =2 for ln| x- 1|.

(c) Use the series in part (b) to compute a number that differs from ln% by less than

0.05. Justify your answer.



1990 BCS

Solution

(a) Taylor approach Geometric Approach

f(2)=1 L1

f'(2)=-(2-1)" =1 x=1 1+(x-2)

' - /" (2) =l-u+u’ =+ 4 (1) u" +-
2)=2(2-1)" =2 =1

1@)=2-) ’ 2! where u = x -2

()= —6(2-1 " =6 1 (2) __

£ (2)=-6(2-1)" =-6; R

Therefore LZI—(x—2)+(x—2)2—(x—2)3+...+(_1)”(x_2)"+_,.

x—1

(b) Antidifferentiates series in (a):

n n+l
In|x~1] :C+x—%(x—2)2 +%(X—2)3 —i(x—z)“ +---+( ) 75112) +

0=In2-1|0 C=-2

Note: If C #0, “first 4 terms” need not include —%(x - 2)4

35 1 10 L 1olg
c In—=Inl—-1|=——— += _
I e
11, 1_
2 8 24
. I 1 1 . i
since — <—, ———=0.375 is sufficient.
24 20 2 8

Justification: Since series is alternating, with terms convergent to 0 and
decreasing in absolute value, the truncation error is less than the first omitted

term. .
R 1 o’ 5
Alternate Justification: nl (C _l)n“ n+l %H , Where 2<C' < 9
1 1
<
n+12""

<L when n =2
20



1990 BC6

Let f and g be continuous functions with the following properties.
(1) g(x)=4-f(x) where 4 is a constant

(i) [ fdx=], g(x)de
(iii) J’j f(x)dx =34

(2) Find If f(x)dx in terms of 4 .
(b) Find the average value of g(x) in terms of 4 , over the interval [L,3].

(c) Find the value of £ if J'Ol f(x+)dx=kA.



1990 BC6
Solution

@ [ (¥)dv= [ f (x)de+ [, f(x)de
=[Lg(x)dr+ [, f (x)dx
=[2(4=1 (x))dx+ [ f (x)ax
=A=[ f (x)dx+ [, f (x)dx

=4

(b) Average value = %Lsg (x)dx =% 13 (A —f(x))dx

= % %A —I:f(x)dxé

L Py
—2[2A A >4

(© kA= [, f(x+1)dx= [/ (x)dv
=J'23g(x)dx

=A+34=44
Therefore k =4



1990 BCS

Let f be the function defined by f(x) = ﬁ .

(a) Write the first four terms and the general term of the Taylor series expansion of
f(x) about x =2.

(b) Use the result from part (a) to find the first four terms and the general term of the
series expansion about x =2 for ln| x- 1|.

. ) 3
(c) Use the series in part (b) to compute a number that differs from In= by less than

0.05. Justify your answer.
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1990 BCS

Solution
(a) Taylor approach Geometric Approach
f(2)=1 L1
r2)=-(-1)"=-1 x-1 1+(x-2)
y _ f'(z) =l—u+u2—u3+...+(—1)nu"+...
2)=2(2-1)" =2 =1
! ( ) ( ) 2! where u =x -2
()= —6(2-1)" == () _ _
(2)=-6(2-1)" =-6; TR

Therefore L:1—(x—2)+(x—2)2 —(x—2)3 +...+(-1)” (x—2)" ...

x—1

(b) Antidifferentiates series in (a):

n n+l
In|x -1 :C+x—%(x—2)2 +%(x—2)3 —i(x—z)“ ) ’S’ilz) ;

0=In|2-1|0 C=-2

Note: If C #0, “first 4 terms” need not include —i(x - 2)4

35 1 100, 1od
¢ In=—=mn—-1|=—-— +- —..
©  m3=n-|-5- 35«3
1 1 1
= -4+ ...
2 8 24
since i < i, l —l =0.375 is sufficient.
24 20 2 8

Justification: Since series is alternating, with terms convergent to 0 and
decreasing in absolute value, the truncation error is less than the first omitted

term. |
11 od” 5
. o R | Ef——— , where 2 <C <—
Alternate Justification: n ( C —l)n U+ %H 2
1 1
< -
I’l+1 2n+1

1
<— whenn=>2
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1990 BC6

Let f and g be continuous functions with the following properties.

(1) g(x)=4-f(x) where 4 is a constant
(i) If F(x)dx = Ij g(x)dx
(iif) J’j f(x)dx =34
(2) Find If f(x)dx in terms of 4 .
(b) Find the average value of g(x) in terms of 4 , over the interval [L,3].

(c) Find the value of £ if Iol f(x+D)dx=kA.
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1990 BC6
Solution

@ [ (¥)dv= [ f (x)de+ [, 1 (x)de
:I;g(x)dx +I23f(x)a’x
:Ij (A —f(x))dx +ij(x)dx

=4 —J';f(x)dx +L3f(x)dx
=4

1 .3 1 .3
(b) Average value =5L g(x)dx :E 1 (A —f(x))dx
1 3
:5 %A —L f(x)dx%

L Py
—2[2A A >4

© kA= [, f(x+1)dx= [/ (x)dv
=J'23g(x)dx

=A+34=44
Therefore k =4
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1991 BC1

A particle moves on the x-axis so that its velocity at any time 7> 0 is given by
v()=12¢ =361 +15. At t=1, the particle is at the origin.

(a) Find the position x(¢) of the particle at any time ¢20.

(b) Find all values of ¢ for which the particle is at rest.

(¢) Find the maximum velocity of the particle for 0 <¢<2.

(d) Find the total distance traveled by the particle from 1=0 to #=2.
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1991 BC1
Solution

(a) x(¢) =47 =18 +15t+C
0=x(1)=4-18+15+C
Therefore C = -1
x(t)=4r -18 +15¢ -1

(b) 0=v(t)=12¢" =36t +15
3(2r-1)(20-5) =0
15
t—_ —
272

© D — 2436

di
ﬂ=0 when ¢ =3
dt 2
v(0)=15

B0

=-12

"Bt
v(2)=-9

Maximum velocity is 15

(d) Total distance —I dt l/zv(t
“008 E-B -2
ciEiaRlUoys (DR
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1991 BC2

Let f be the function defined by f(x)=xe"™ for all real numbers x .
(a) Find each interval on which f is increasing.

(b) Find the range of 1.

(¢) Find the x-coordinate of each point of inflection of the graph of /.

(d) Using the results found in parts (a), (b), and (c), sketch the graph of f in the xy-
plane provided below. (Indicate all intercepts.)

<

i
| L

t
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1991 BC2
Solution

(@) f' (X) =xe'™ (—1) +eo ™ = (1 _x)el—x

f increases on (—00,1]

©) ()=t lim £ (x) =
Range: (—00,1]

(c) 1 (x) =e'™ (—1) + (1 —x)el_x (—1)
= (x —2)61_)‘

Point of inflection at x = 2.

(d) y

\4
=
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1991 BC3

Let R be the shaded region in the first quadrant enclosed by the y-axis and the graphs of
y =sinx and y =cosx, as shown in the figure above.

(a) Find the area of R .
(b) Find the volume of the solid generated when R is revolved about the x-axis.

(¢) Find the volume of the solid whose base is R and whose cross sections cut by
planes perpendicular to the x-axis are squares.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1991 BC3
Solution

/4
(a) Area = Io cos x —sin x dx

/4

= (sin x +cos x)‘ .

%ﬁ +g§— (0+1)

2

V2 -1

/4
(b) V = ﬂIO cos’ x —sin” x dx

/4
= ﬂIO cos 2x dx

T /4
=—sin2x
2 0

T Vi
=Z(1-0)==
2( ) 2

(c) V :Iom (cosx —sin x)2 dx

/4 .
:Io 1-2sinxcosx dx

= (x —sin’ x)‘;m
1L
- 1
402
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1991 BC4

2x
Let F(x)= £ +tdt.

(a) Find F'(x).
(b) Find the domain of F .

(¢) Find Iirnl F(x) .

XHE

(d) Find the length of the curve y = F(x) for 1< x<2.
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1991 BC4
Solution

(a) F'(x)=2v4x" +2x

(b) £ +¢20; therefore (£=0) or (r<-1)
Since 1 =0, want 2x =0

Therefore x =0

(© lim F (x)=F ﬁ;—ﬁzo

X -

(d) L:J 1+ (F () dx
:szll +16x” +8x dx

=J’124x+1dx
=2’ +x‘l2 =7
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1991 BCS

Let f be the function given by f(t) = and G be the function given by

1+t?
G(x)= _ f(Dat.

(a) Find the first four nonzero terms and the general term for the power series
expansion of f(t) about t=0.

(b) Find the first four nonzero terms and the general term for the power series
expansion of G(x) about x =0.

(c) Find the interval of convergence of the power series in part (b). (Your solution
must include an analysis that justifies your answer.)

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1991 BC5
Solution

(a) f (t) = %, geometric witha =4, r = -1

F(t)=4-48 +4' =4° +- 4 (1) 487"+

(b) G(x)= FlEol S =[,(4-ar v —art+-)ar

+12
|:| 1Y 2n+l1 i
= t—it3+it5_it7+...+(l)i+...
ﬁ 3 5 7 2n+1
0
1Y 2n+l
=4x—ix3+£x5—ix7+...+—( 1) 4x +
7 2n+1
(c) By Ratio Test,

|(_1)n+1 423 o on+1 | _ 2n+1 E
‘ 43 (-1) 4x| 2n+3

. 2n+1
lim
n-o2n+3

x> =x*; x> <lfor —1<x<l1

Check endpoints: G (1) =4 —g +% —g +-.. Converges by Alternating Series Test

G (—1) =—4 +§ —% +-.- Converges by Alternating Series Test

Converges for —1<x<1

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1991 BC6

d
A certain rumor spreads through a community at the rate F}[/ =2y(1-y), where y is the

proportion of the population that has heard the rumor at time ¢ .

(a) What proportion of the population has heard the rumor when it is spreading the
fastest?

(b) Ifattime t=0 ten percent of the people have heard the rumor, find y as a function
of t.

(c) Atwhat time ¢ is the rumor spreading the fastest?

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1991 BC6
Solution

(a) 2y(1—y) =2y -2y is largest when 2 -4y =0

S0 proportion is y =%

® 1 =24
y(l—y)y t

1

43 mdy =I 2dt

HELLdy:Izdz
y 1=y

Iny-In(l-y)=2t+C

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 AB4/BC1

Consider the curve defined by the equation y +cosy =x +1 for 0 y<2n.

(a) Find L2 in terms of y .

dx

(b) Write an equation for each vertical tangent to the curve.

2

(c) Find % in terms of y .

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 AB4/BC1
Solution

(a) ——smydy =1
dx

)
dx
dy
—(1-sin
 (Imsiny) =1
dy _ 1
dx l-siny

(b) 4 undefined when sin y =1
dx
-
Y73

]—T+O =x+1
2

(©) d’y _ —sin yJ
dx’ dx

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 AB5/BC2

Let f be the function given by f(x) =€™*, and let g be the function given by ¢(x) = kx,
where k£ is the nonzero constant such that the graph of f is tangent to the graph of g .
(a) Find the x-coordinate of the point of tangency and the value of & .

(b) Let R be the region enclosed by the y-axis and the graphs of f and g . Using the
results found in part (a), determine the area of R .

(c) Setup, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid generated by revolving the region R , given in part (b),
about the x-axis.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 ABS/BC2

Solution
Yy
(a) ? f (x) =—"; g (x) =k
-e " =k
e’ =kx
x=-land k =-e

:B—e_x+ﬁ

0 20,
(L 0 el
—( 1+0) B-e+2H
:E—l

2

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 BC3

Attime 1, 0<t<27, the position of a particle moving along a path in the xy-plane is
given by the parametric equations X =€' sint and y = €' cost.

(a) Find the slope of the path of the particle at time ¢ = %T
(b) Find the speed of the particle when t =1.

(¢) Find the distance traveled by the particle along the path from t=0 to t=1.
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1992 BC3
Solution

(a) @:e’sintﬂetcost
dt
dy _
o
dy _dy/dt € (cost—sint)
dx  dxldt e (sint+cost)

/2 _
atl‘:Z_T, d_y:—e > (O 1):—1
27 dx " (1+0)

e’ cost —é'sint

2 2
(b) speed = \/(et sint +¢ cost) + (et cost—eé' sint)

when ¢ =1 speed is

\/(esinl +ecosl)2 +(ecosl—esin1)2 = e\/E

(c) distance is

qj l\/(et sint +¢é' cosz‘)2 +(e’ cost—eé' sint)2 dt
0

:J'Ol \/2€2t (sin2 t +cos’ t) dt =J'01 J2e' dt
=J2¢| =v2(e-1)

1
0
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1992 BC4

2x—-x* for x<1,

Let f be a function defined by f(x) =
et f be a function defined by f(X) X2+kx+pforx>1.

(a) For what values of k and p will f be continuous and differentiable at x =1 ?

(b) For the values of k£ and p found in part (a), on what interval or intervals is f
increasing?

(¢) Using the values of k£ and p found in part (a), find all points of inflection of the
graph of /. Support your conclusion.
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1992 BC4
Solution

(a) For continuity at x = 1,
lim (2x=%) = £ (1) = lim (x* + kx + p)
Therefore 1 =1+k+p
Since f is continuous at x = 1 and is piecewise polynomial, left and right
derivatives exist.
f(1)=0andf;(1)=2+k
For differentiability atx =1, 0=2+k .
Therefore k =-2, p=2

(b) f'(x)=2-2x, x<1
2-2x>0
x<lI

f'(x):2x—2, x>1
2x=2>0

x>1
Since f increases on each of (—00,1) and (1,00) and is continuous at x = 1,

£ 1s increasing on (—00,00).

©) f"(x)=-2, x<1
I (x) =2, x>1
Since f* (x) <0 on (—00,1) and
/" (x)>0 on (1) and
/(1) is defined,
(1, f(l)) = (1,1) is a point of inflection.
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1992 BCS

The length of a solid cylindrical cord of elastic material is 32 inches. A circular cross

1
section of the cord has radius E inch.

(a) What is the volume, in cubic inches, of the cord?

(b) The cord is stretched lengthwise at a constant rate of 18 inches per minute.
Assuming that the cord maintains a cylindrical shape and a constant volume, at
what rate is the radius of the cord changing one minute after the stretching begins?
Indicate units of measure.

(¢) A force of 2x pounds is required to stretch the cord x inches beyond its natural
length of 32 inches. How much work is done during the first minute of stretching
described in part (b)? Indicate units of measure.
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1992 BCS

Solution
(@) V=m’h= ﬂ%ﬁ 32 =8
® 0= c2mn s 2.
dt dt dt

att=1, /=50 and
so 877= 77* 30,

2
SOr=—

EQD(SO)dr EQDZ(IS)

Therefore 0= 27TB§H E + ﬂB§H

= n'D ()ﬂ +7_ZD
ar 250
ﬁ = —i 1n/min
dt 125

or

V:877277f2h,s0r:\/g
h
1
dr 1D8D‘2%8ﬁ%ihm
Therefore — =—
dr 2000 OW O0de o

attr=1, h =50 so

dr _108 g0 -8 18)
dr 200 Esooﬁ]J
= —i in/min

125

18
=18’

0

(c) Work = Iols2x dx = x°

=324 in-pounds
=27 foot-pounds
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1992 BC6

[

1
Consider th: ' ——, wh =0.
onsider the series I where p

(a) Show that the series converges for p>1.
(b) Determine whether the series converges or diverges for p=1. Show your analysis.

(c) Show that the series diverges for 0 < p<1.
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1992 BC6
Solution

! <L for ln(n)>1, forn=3

@) 0< n’ In (n) n’

) 1 .
by p-series test, z —, converges if p > 1
n

[

. . 1
and by direct comparison, Z— converges.
% n’ In (n)

(o]
, SO series is zf(n)
n=2

(b) Letf(x) = xlilx

*® b
qj 1 e =1im Inn x” = lim(In(In(b)) = In(In 2)] = o0
2 — 00

» xlnx boew
Since f'(x) monotonically decreases to 0, the integral test shows

[

diverges.
Snlnn

(©) 1 >1

>0 forp<l,
n“Inn nlnn

00

so by direct comparison, Z

diverges for 0< p <1
= n’Inn
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1993 AB3/BC1
Consider the curve y* =4 + x and chord AB joining the points 4(—4,0) and B(0,2)
on the curve.

(a) Find the x- and y-coordinates of the point on the curve where the tangent line is
parallel to chord 4B .

(b) Find the area of the region R enclosed by the curve and the chord 4B .

(c¢) Find the volume of the solid generated when the region R , defined in part (b), is
revolved about the x-axis.
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1993 AB3/BC1

Solution
(a) A slope of 4B =
B(0,2)
—t—t—t—+—>
'\
dy 1 1
Method 1: y =+/4 +x; = —
I dx 2\/4+x 2Wa+x 2

sox=-3, y=1
dy arg
Method 2: 2y—=1; so 2 =landy=1,x=-3
Method 2 ydx yBgH y

(b)

Methodl:# B\/4+x §x+2 4+x)3/2—ix2—2x

2/ \32 16 4
=—(4 —(—4 = —4=—

3|2

2
Method 2: J'O H2y-4) _(yz _4)de = )7 _y?

0

:4—§:
3

[SSHINN

Method 3: J'_O4 Vd+xdx = ?; Area of triangle = 4

Area of region = % -4 = g

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1993 AB3/BC1
Solution, continued

(©)

0

O

Method 1: 77%4%@ EEx+2 de

# E‘iﬂc BZX +2x+4%
160
%ﬁ ?H——~8.378
8

Method 2: [, 277y {2y ~4) ~(” ~4)dy = o

0 ] 2’
Method 3: 77} (\/4 +x)2 dx = mfx "‘%Q
O -4

-4

=0-m(-16+8)=81m

Volume of cone = %77(2)2 (4) = %T
Volume = 877—%7 = 8?ﬂ
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1993 AB4/BC3

Let f be the function defined by f(x) =In(2+sinx) for 1< x <27.

(a) Find the absolute maximum value and the absolute minimum value of /. Show the
analysis that leads to your conclusion.

(b) Find the x-coordinate of each inflection point on the graph of /. Justify your
answer.
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1993 AB4/BC3
Solution

(@ 1’ (x) -1 coS x;

2+sinx

In [7‘[,277], cosx =0 when x :37”;

x f(x)
m In(2)=0.693
2 | In(2)
n In (l) =0
2

absolute maximum value is In 2

absolute minimum value is 0

(—sin x)(2 +sin x) —COSXCOSX

b ' =
®) 7 (x) (2+sinx)2
_ “2sinx -1
(2+sinx)2 ’

f* (x)=0 when sin x =—%

_Tm 1l
X=—,—
6 6
sign of f | - | + | - |
_c_(;r;;;/;t_}: ) | down | up | down |
7 7 lr o
6 6

7T

Y/ . .- .
xX= o and 6 since concavity changes as indicated at these points
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1993 BC2

. . . o 2
The position of a particle at any time >0 is given by x(f)=¢ -3 and y(f) = 3 r.

(a) Find the magnitude of the velocity vector at £ =35.

(b) Find the total distance traveled by the particle from t=0 to t=5.

d
(c) Find & as a function of x .

dx
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1993 BC 2
Solution

)=2t V(t)=2¢
)=10 V' (5)=50
[v(5) =10 +50* =+2600

=10+/26 =50.990

(b) [ N4 +ar* d
:1:21\/1 +1* dt

2 5
:E(l +t2 )3/2

0

= %(263” -1)=87.716

(c) ﬂ:L(t)zz_tzzt

dx x'(t) 2t
x=t*-3; £ =x+3
t=~/x+3
Q=\/x+3

dx

or

x=1=3; t=/x+3
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1993 BC4

Consider the polar curve r = 2sin(36) for 0<6< 7.

(a) In the xy-plane provided below, sketch the curve.

y
A

(b) Find the area of the region inside the curve.

. . 7
(¢) Find the slope of the curve at the point where 8= 7
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1993 BC4
Solution

(2)

R P T _0, 1.
(b)A_EI045m 36’d¢9—IO (1 c0s69)d¢9—% gsm66’a
3 w3,
or —I 4sin“360dO=---=11
2 Jo

or QJ'”/64sin2 30dO=---=11
2 0

(c) x=2sin3f0cosb
y =2sin360sin @

% = —-2sin38sin @+ 6cos38cos b

% =2sin38cos @+6cos38sin g

AtHZI—T, ﬂ=—2 and£:—4, SO
4 dé dé

d_=2_1

dx -4 2

or

AtHZIZT, x=landy=1so0

d d d
4 +2YH=6Y 41262
dx dx dx
Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1993 BCS

Let f be the function given by f(Xx) = e? .

(a) Write the first four nonzero terms and the general term for the Taylor series
expansion of f(x) about x =0.

(b) Use the result from part (a) to write the first three nonzero terms and the general term
X
: . ez-1
of the series expansion about X =0 for ¢(Xx) = vt

* n 1

(c) For the function g in part (b), find g'(2) and use it to show that n:lm = 2
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1993 BC S

Solution
2 3 n
(a) ex:1+x+x_+x_+...+x_+...
2! 3! n!
2 3 n
ex/2=1+£+(x/2) +(x/2) +...+(X/2) .
2! 3! n!
_oox X X x"
=1+=+ 5 5 - +
2 22! 2°31 2"n!
x X X x"
e ST A U TR TR T
x X
1 X x° x"!
=-—+ et +
2 2721 2731 2"n!
1 2x (n-1)x"
(c) "(x)=
g() 2721 2°3) 2"n!
n—=2
—l+i+ (n—l)x
8 24 2"n!
, 1 22 n-1)2"7
g'(2)=55+5 +( ) +e
2721 273! 2"n!
1 1 n—1
=+t +—+
8 12 4n!
— = n
£ 4(n+1)!
x/2 _
Also, g(x):e !
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1993 BC6

Let f be a function that is differentiable throughout its domain and that has the following

properties.
0 focey)= 00 I) | |
y)= - T () T (y) for all real numbers x, y, and x+ y in the domain of f
(i1) Ihlfrolf(h):o
s 1. T(H)
(1i1) lhlm . 1

(a) Show that f(0) =0.

(b) Use the definition of the derivative to show that f"(x) =1 +[ f (x)]2 . Indicate

clearly where properties (i), (i1), and (iii) are used.

(¢) Find f(x) by solving the differential equation in part (b).
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1993 BC6
Solution

(a) Method 1: £ is continuous at 0, so f(O) = lingf(x) =0

or

/(0)+7(0)
1-7(0)1(0)

£ (0)(1-5 (0)F ) =27 (0)
r(O)(-1-5 (0 ) =0

Method 2: f(0)= 7 (0+0)=

y:tan(x+C)
£(0)=00 C=0 [orC=nmnOZ]
f(x) =tan x @)rf(x) =tan(x+nﬂ)§
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1993 BC6
Solution, continued

or

Method 2: Guess that f (x) =tan x
1+ @f(x)@2 =1+tan’ x =sec’ x = f(x)
/(0)=tan(0)=0

Since the solution to the D.E. is unique f (x) =tanx is the

solution.
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1994 AB 2-BC 1

Let R betheregion enclosed by the graphsof y =¢*, y =x,andthelinesx=0and x =
4,

(@ Findtheareaof R.

(b) Find the volume of the solid generated when R isrevolved about the x-axis.

(c) Set up, but do not integrate, an integral expression in terms of asingle variable for
the volume of the solid generated when R is revolved about the y-axis.
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1994 AB 2-BC 1

(a) Area= J’: e’ —xdx

—_ X x
_e _——
2'0
0. 160 ¢ o
=5 -—a- (¢ -0
e ) R
=e¢' -9
= 45.598 —] > X
4

OR  Using geometry (area of triangle)

4 1

J' efde——[413
0 2
or Using y-axis

J'Olydy +J'14y —lnydy+J':44—lnydy

®) V. =af (e) ~(x)"ax

4
= ITJ'O e —x*dx

S
ZITHDIeS—ﬁD—DIeO—O@
H¢ 3H B TH
= L e -B10
B2 6 H

=1468.64671=4613.886
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1994 AB 2- BC 1 (continued)

[or] Using geometry (Volume of the cone)

7TJ’04 () dx —% a3

4

o ,.0 T
=Ti-e —-—[64
2 d, 3
_ s 10 647
¢ 2H 3

Using y- axis

ZITEOIyEydy +J'14y(y—lny)dy +J': y(4—lny)dy§

4
() ¥V, = ZITIO x(ex —x)dx
or

V,= ﬂg(i ¥ dy +Il4 - (ln y)2 dy +Le4 16— (ln y)2 dyE
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1994 AB 5-BC 2

7N
N

A circleisinscribed in a square as shown in the figure above. The circumference of the
circleisincreasing at a constant rate of 6 inches per second. As the circle expands, the
sguare expands to maintain the condition of tangency. (Note: A circle with radius r has

circumference C =277 and area 4 = 7r*)

(a) Find the rate at which the perimeter of the square is increasing. Indicate units of
measure.

(b) At the instant when the area of the circleis 2577 square inches, find the rate of
increase in the area enclosed between the circle and the square. Indicate units of
measure.
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1994 AB 5-BC 2

(a) P=8R
dP _gdR
dt dt R

dC dR

6=—=21—

dt dt
d_R :i; d—P :ﬁ inches/second
dt T dt T

=7.639 inches/second

(b) Area =4R’ —IR*

M:SRd_R—zﬂRd_R
dt dt dt
dR
=(4-m)2RE
(4-m)2R—

Area of circle = 2577 = 7R?
R=5
d (Area) 120

= -30 inches*/second
dt T

= (4 - 7'[)3—0 inches?®/second
7T

= 8.197 inches?/second
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1994 BC 3

A particle moves along the graph of y =cosx so that the x-coordinate of acceleration is
always 2. Attime t=0, the particle is at the point (77 = l) and the velocity
vector of the particle is (0,0).

(a) Find the x- and y-coordinates of the position of the particle in terms of .

(b) Find the speed of the particle when its position is (4, cos4 )
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1994 BC 3

(@) x'(t)=20 x'(t)=2t+C
X(0)=00 C=0; ¥ (¢)=2¢
x(1)=t"+k, x(0)=1=k
x(1)=e
(t):cos(t +7T)

®) y_ 2tsm(t +IT)

dt
\/Ddef oy O

HarH " Har B
= \/(Zt)z +(=2rsin (¢ + ﬂ))2

= \/4# +4¢sin® (¢ +71)

when x=4, £ +m7=4; t* =4-11
s=\J4(4-m)+4(4- m)sin’ 4
~2.324
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1994 BC 4

L

(0, 6)

(w, 6 —w?)

(6, 0)

Let f(x)=6-x°. For 0<w< V6 , let A(W) be the area of the triangle formed
by the coordinate axes and the line tangent to the graph of f at the point

(w,6-w?).

(a) Find AQ).

(b) For what value of w is A(W) a minimum?

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1994 BC 4

(a)f(x)=6—x2; '(x)=—2x
r(1)=-2
y=5=-2(x-1)or y=-2x+7

T .
x1nt:5 yint:7

0-3350-

(b) f'(w)y=-=2w; y —(6—w2) = —2w(x—w)

2

x int: y int: 6+ w’

aw(2(6+w?)(2w))-4(6+w*)
16w’
A (w)=0when (6+w?)(3w* -6)=0

A (w) =

S
I
[\
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1994 BC 5

Let f be the function given by f(x) =e2* .

(a) Find the first four nonzero terms and the general term of the power series for f(X)
about x =0.

(b) Find the interval of convergence of the power series for f(x) about x =0. Show
the analysis that leads to your conclusion.

(c) Let g be the function given by the sum of the first four nonzero terms of the power
series for f(x) about x =0. Show that | f(x)—g(x) | <0.02 for —0.6<x<0.6.
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1994 BC 5

. u2 u3 un
(@)e' =l+tu+—+—+---+—+-..
2 3! n!
4 6 n ~n _2n
2 4x"  8x -1) 2"x
e =1-2x" + -—+ +( ) +

2 3 nl

(b) The series for e" converges for —oo <y <oo

2x

. 12
So the series for e* converges for —o0 < —2x* <

And, thus, for —c0o < x <o

Or
lim|a’7+1 - lim|(—1)”+l 2n+1 xz(n+l) o n! |
neml g | onew (n+1)! (-1) 2" x>
=lim x*=0<1

n-op+]

X

. 12
So the series fore™" converges for —oo < x < o

_lex®  32x'°
= - +
4! 5!

© f(x)-g(x)

This is an alternative series for each x, since the powers of x are even.

2

= —lxz <1 for —0.6 < x<0.6 so terms are decreasing in absolute
n+

a,+1

an

Also,

value.

16x° 16(0.6)°
Thus ‘f(x)—g(x)‘s o < (4!)

=0.011---<0.02
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1994 BC 6

Let f and g be functions that are differentiable for all real numbers x and that have the
following properties.

@) /()= f(x)-9(¥)
1) g'(x)=g(x) = (%)
(iii) f(0) =5

(iv)90) =1

(a) Provethat f(x)+g(x)=6 foral x.

(b) Find f(x) and g(x). Show your work.
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1994 BC 6

@ ()4 ()= £ (x) g (1) + £(x) £ (x) =0
so f + g is constant.

£(0)+2(0)=6. s/ (x) ¥ (+) =6

(b) f(x):6—g(x) SO
g'(x)=g(x)-6+g(x)=2g(x)-6

Q=2y—6; 4 =dx
dx 2y-6

%ln|2y—6| =x+C

In|2y -6|=2x+K

2y —6| =™

2y —6=Ae™

x=00 y=1so —4=4
2y=—462x+6
y=3-2&" =g(x)
f(x)=6—g(x)=3+2e2x

Or
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1995 AB4/BC2

y
i
\ ‘ll' !
\ I/
\ s
\ P
A AN r
\ R 4
- &
ANV AN y 4
AN Y V4
Y 3y o
N
‘:_j{: = =X
17

Note: Figure not drawn to scale.
The shaded regions R, and R, shown above are enclosed by the graphs of f(x)=x’
and g(x)=2".
(a) Find the x- and y-coordinates of the three points of intersection of the graphs of f

and g .

(b) Without using absolute value, set up an expression involving one or more integrals
that gives the total area enclosed by the graphs of f and g . Do not evaluate.

(c) Without using absolute value, set up an expression involving one or more integrals
that gives the volume of the solid generated by revolving the region R, about the

line y =5. Do not evaluate.
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1995 AB4/BC2
Solution

(a) (2,4) (4,16) (—0.767,0.588) or (—0.766, 0.588)
(b) J._20.767(2x —xz)dx+ J.:(xz —2x)dx
or

b2 [ (P-p)ar [ - )
© 7 [ ((5=2) ~(5-27) Jax

or

o Jj’sgg(s —y)2fy dy+2x j:sgg(s _ y)(ﬁ _%j iy
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1995 ABS/BC3

-8 feet—+

e T
T Ko7 T
12 feet

i fect
AV
¥ .

As shown in the figure above, water is draining from a conical tank with height 12 feet
and diameter 8 feet into a cylindrical tank that has a base with area 4007 square feet.
The depth 7 , in feet, of the water in the conical tank is changing at the rate of (h—12)

feet per minute. (The volume V of a cone with radius » and height # is V' = %m/zh )

(a) Write an expression for the volume of water in the conical tank as a function of /4 .

(b) At what rate is the volume of water in the conical tank changing when 42 =3?
Indicate units of measure.

(c) Let y be the depth, in feet, of the water in the cylindrical tank. At what rate is y
changing when 4 =37 Indicate units of measure.
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1995 ABS/BC3

Solution
r 4 1 1
—_——— = — =—h
()h 12 3 3
2 3
Vzlﬂ(lhj p=""
3 27
v zh® dh
(b) - =T
dt 9 dt
2
=”§ (h-12)=-97

V is decreasing at 97 ft’ / min

(c) Let W= volume of water in cylindrical tank

W =400ry; aw = 4007rﬂ
dt dt

4007Z'Q =97
dt

is increasing at i ft/min
Y &% 200
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1995 BC1

Two particles move in the xy-plane. For time 7> 0, the position of particle 4 is given by
. . . 3t
x=t-2 and y=(¢—2)*, and the position of particle B is given by x = 5 4 and

3
=22
Y73

(a) Find the velocity vector for each particle at time 7 =3 .

(b) Setup an integral expression that gives the distance traveled by particle 4 from
t=0to ¢t=3. Do not evaluate.

(c) Determine the exact time at which the particles collide; that is, when the particles
are at the same point at the same time. Justify your answer.

(d) In the viewing window provided below, sketch the paths of particles 4 and B from
¢t =0 until they collide. Indicate the direction of each particle along its path.

Viewing Window
[_7a 7] x [_59 5]
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1995 BC1
Solution

@) V,=(1,21-4); ¥,(3)=(1,2)

Vy = G%) V,(3)= G%)

(c) Set t—2=%—4; t=4

When ¢ =4, the y-coordinates for 4 and B are also equal. Particles collide at
(2,4) when ¢t =4.

(d)

Viewing Window
[_77 7] X [_5’ 5]
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1995 BC4

Let f be a function that has derivatives of all orders for all real numbers.
Assume f(1)=3, f'()=-2, f"(1)=2,and f"(1)=4.

(a) Write the second-degree Taylor polynomial for f about x =1 and use it to
approximate f(0.7).

(b)  Write the third-degree Taylor polynomial for / about x =1 and use it to
approximate f(1.2).

(¢) Write the second-degree Taylor polynomial for f”, the derivative of /', about x =1
and use it to approximate 7'(1.2) .
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1995 BC4
Solution

@ T.(1)=3+(-2)(x=1)+2 (x-1)
f(0.7) ~3+0.6+0.09=3.69

(b) T3(x):3—2(x—l)+(x—1)2+%(x—l)3
£(12)~3-0.4+ 0.04+§(0.008) =2.645

(© T (x)=-2+2(x-1)+2(x~1)’
£1(12)-2+0.4+0.08=-1.52
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1995 BCS

. AN\ AW .
O 7 Jo\J \ 0

Figure 1 Figure 2 Figure 3
y=f@x) y=gW)

Let f(x)=x", g(x)=cosx, and s(x) = x" +cosx. From the graphs of / and g shown
above in Figure 1 and Figure 2, one might think the graph of % should look like the graph
in Figure 3.

(a) Sketch the actual graph of /4 in the viewing window provided below.

40

-6

Viewing Window
[_63 6] X [_63 40]

(b) Use A"(x) to explain why the graph of % does not look like the graph in Figure 3.

(c) Prove that the graph of y = x* +cos(kx) has either no points of inflection or
infinitely many points of inflection, depending on the value of the constant £ .
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1995 BC5
Solution

(a)
40

-6

(b) h'(x)=2x—sinx; A"(x)=2—cosx
2—cosx >0 forall x, so graph must be concave up everywhere

(¢) y"(x)=2—-k?cos(kx)
If k> <2, y">0 forall x , so no inflection points.
If k* >2, y" changes sign and is periodic, so changes sign infinitely many times.

Hence there are infinitely many inflection points.
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1995 BC6

Graph of f

Let f be a function whose domain is the closed interval [0,5]. The graph of f is shown
above.

Let /(x) = joz3 F(0)de .

(a) Find the domain of /4 .
(b) Find 4'(2) .

(c) Atwhat x is A(x) a minimum? Show the analysis that leads to your conclusion.
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1995 BC6
Solution

(a) os§+3ss

—-6<x<4

(b) h'(x)zf(%+3)-%

(c) A’ is positive, then negative, so minimum is at an endpoint
0
h(=6)= [ f(t)di=0
h(4)= [ f(t)d<0

since the area below the axis is greater than the area above the axis
therefore minimum at x =4
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1996 AB3/BC3

The rate of consumption of cola in the United States is given by S(¢) = Ce", where S is

measured in billions of gallons per year and ¢ is measured in years from the beginning of
1980.

(a) The consumption rate doubles every 5 years and the consumption rate at the
beginning of 1980 was 6 billion gallons per year. Find C and & .

(b) Find the average rate of consumption of cola over the 10-year time period
beginning January 1, 1983. Indicate units of measure.

(c) Use the trapezoidal rule with four equal subdivisions to estimate _[ 57 S(t) dt.

(d) Using correct units, explain the meaning of J: S(¢) dt in terms of cola

consumption.
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1996 AB3/BC3
Solution

(@  S(t)=Ce"
S(0)=6=C=6
S(5)=12=12=6¢"

2 — eSk
k :ln?2 (0.138 or 0.139)
1 (A1
(b) Average rate = —— 6 dt
13-3
= i[em“z o 61“2] billion gal/yr
In2
(19.680 billion gal/yr)
(©) j =—[S )+25(5.5)+25(6)+25(6.5)+5(7)]

(d) This gives the total consumption, in billions of gallons, during the years
1985 and 1986.
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1996 AB4/BC4

This problem deals with functions defined by f(x)=x+5b sinx, where b is a positive
constant and -2 < x < 2m.

(a) Sketch the graphs of two of these functions, y =x+sinx and y=x+3sinx.

—6T 6T
(b) Find the x-coordinates of all points, —27 < x < 21, where the line y =x+5 is
tangent to the graph of f(x)=x+b sinx.

(c) Are the points of tangency described in part (b) relative maximum points of f?
Why?

(d) For all values of b >0, show that all inflection points of the graph of f lie on the
line y=x.
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1996 AB4/BC4
Solution

(2)

t ?\}E

(b) y'=1=1+bcosx
bcosx=0

cosx=0

y=x+b=x+bsinx

b=bsinx
l=sinx
3n T
X=——— or —
2 2

(¢) No, because f(x)=1 (or f'(x)# O) at x-coordinates of points of tangency

(d) f"(x)=-bsinx=0
sinx =0
f(x)=x+b-0=x

at x-coordinates of any inflection points
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1996 BC1

Consider the graph of the function 4 given by A(x) = e for 0<x <00,

(a) Let R be the unbounded region in the first quadrant below the graph of /# . Find
the volume of the solid generated when R is revolved about the y-axis.

¥
2
L

17} w

(b) Let A(w) be the area of the shaded rectangle shown in the figure above. Show that
A(w) has its maximum value when w is the x-coordinate of the point of inflection
of the graph of % .
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1996 BC1
Solution

(a) Volume =2n J:o xe " dx

. b .2
=2 lim | xe " dx

b—w
b
=27 liml:—lexz} =21 lim(—lebz +leoj
b—o0 2 0 b—>0 2 2

2
or

Volume =7 I;(, /(~In y))zdy =-n lim J:(ln y)dy=n

(b) Maximum:

A (w) = we ™" ,
A'(w) =™ —2wle™
=™ (1—2w2).

A'(w) >0 when w< L,

=

A'(w)=0 whenw=%,
A'(w)<0 whenw>%.
1

Therefore, max occurs when w=—

S

Inflection:
h(x)=e 0 (x)=—2x¢”",
h"(x) = 2" - 2x(—2x)e"x2
=2 (-1+2x7).

h"(x) <0 when x <%,
h"(x)=0 when x 2%,

h"(x)>0 when x > %

Therefore, inflection point when x =-L

-
Therefore, the maximum value of A(w) and the inflection point of /(x) occur

1
when x and w are 75
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1996 BC2

2 3 n

The Maclaurin series for f(x) is givenby1+£+x—+x—+-~-+ al
21 31 4l (n+1)!

+ cen
(a) Find £'(0) and 7"7(0).
(b) For what values of x does the given series converge? Show your reasoning.

(c) Let g(x)=x f(x). Write the Maclaurin series for g(x), showing the first three
nonzero terms and the general term.

(d) Write g(x) in terms of a familiar function without using series. Then, write f(x)
in terms of the same familiar function.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1996 BC2

Solution
R (U N
" n! (n+1)!
, 1
f(())—alza
7 (0)=17a =17!(l)=i
v 18!) 18
(b)
xn+1
2)!
(AL T PO
n—>o0 x" n—)oon+
(n+l)!

Converges for all x , by ratio test

(©) g(x) = xf(x)

x2 3 n+l
=XxX+—+—+---4+ 4.
2! 3l (n+1)!
2 n
(d) e S P
2! n!

e’ —I:g(x)zxf(x)

X

e
f(x): X
1 ifx=0

ifx#0
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1996 BCS

Y
t
—_ l«—5 feet
9 .4
Y=625"
9 feet
O X

An oil storage tank has the shape as shown above, obtained by revolving the curve

9 : .
y= ax“ from x =0 tox =5 about the y-axis, where x and y are measured in feet.

Oil weighing 50 pounds per cubic foot flowed into an initially empty tank at a constant
rate of 8 cubic feet per minute. When the depth of oil reached 6 feet, the flow stopped.

(a) Let & be the depth, in feet, of oil in the tank. How fast was the depth of oil in the
tank increasing when 42 =4? Indicate units of measure.

(b) Find, to the nearest foot-pound, the amount of work required to empty the tank by
pumping all of the oil back to the top of the tank.
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1996 BCS

Solution
"25
(a) V=m ?\/;dy
0
v _25n pdh
d 3 dt
ath=4, 8= Jz
3 dt
%zi ft/min
dt  25m
° 251
(b) W=SOJ (9—y)(T\/;jdy
0

o 13
WzSO(%)J (9y2—yzjdy
0

6

25t N2 2 2 2

W =500 =— || 2.9p2 —Z 2
(3)(3y syj

0
W =69,257.691 ft-lbs
to the nearest foot-pound 69,258 ft-lbs
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1996 BC6

¥
!
(5, 25)
Crescent
P(x, y) Island
Spotlight
5 gy (LD —r

Note: Figure not drawn to scale.

The figure above shows a spotlight shining on point P(x,y) on the shoreline of Crescent
Island. The spotlight is located at the origin and is rotating. The portion of the shoreline
on which the spotlight shines is in the shape of the parabola y = x* from the point (1 ,1)

to the point (5 , 25) . Let 6 be the angle between the beam of light and the positive x-

axis.
(a) For what values of 6 between 0 and 2n does the spotlight shine on the shoreline?
(b) Find the x- and y-coordinates of point P in terms of tan0 .

(c) If the spotlight is rotating at the rate of one revolution per minute, how fast is the
point P traveling along the shoreline at the instant it is at the point (3 ,9) ?
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1996 BC6
Solution

(a) tan@, =1:>91 = or0.785
1 4
25 4
tanf, =— =0, =tan” 5 or 1.373
5
Therefore, %Se <tan'5

2

(b) tan® =L =2 =
X X

Therefore, x =tan6

y=x"=tan’0

do
c) —=2xn
(©) ”
@=seczeﬁ; Q=2taneseczed—e
dt dt dt dt
dx

At(3,9):—-=10-2n =20m

Q:2-3-10-2n =120n
dt

Speed = \/(2071 )2 +(120n )2
= 20r+/37 or 382.191
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1997 ABS/BCS

The graph of the function f consists of a semicircle and two line segments as shown

above. Let g be the function given by g(x)= on f(tdt .

(a) Find g(3).

(b) Find all the values of x on the open interval (—2,5) at which g has a relative

maximum. Justify your answer.
(c) Write an equation for the line tangent to the graph of g at x=3 .

(d) Find the x-coordinate of each point of inflection of the graph of g on the open
interval (—2,5) . Justify your answer.
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1997 AB5/BC5
Solution

@ g(3)=[ f@ydi

l.ﬂ.zz__:,z__
4 2 2

(b) g(x) has a relative maximum at x = 2
because g'(x) = f(x) changes from the positive

to negative at x =2

© g(3)=7r—%
g'(3)=f(3)=-1
y—(n—%)z—l(x—3)

(d) graph of g has points of inflection with x-coordinates x =0 and x =3

because g"(x) = f'(x) changes from the positive

to negative at x = 0 and from negative to positive at x =3
or

because g'(x) = f(x) changes from increasing

to decreasing at x = 0 and from decreasing

to increasing at x =3
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1997 AB6/BC6

Let v(¢) be the velocity, in feet per second, of a skydiver at time ¢ seconds, 7> 0. After
her parachute opens, her velocity satisfies the differential equation i =—-2v—-32, with
initial condition v(0) =-50.

(a) Use separation of variables to find an expression for v in terms of ¢ , where ¢ is
measured in seconds.

(b) Terminal velocity is defined as limv(¢) . Find the terminal velocity of the skydiver

t—

to the nearest foot per second.

(c) [Itis safe to land when her speed is 20 feet per second. At what time ¢ does she
reach this speed?
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1997 AB6/BC6

Solution
(a) @=—2v—32 :—2(v+16)
dt
N
v+16
In|v+16|=-27+4
|V+16| — e—ZHA — eAe—2t
v+16=Ce™
—50+16=Ce"; C=-34
v=-34¢*" -16

(b) limv(¢) =lim(-34e > ~16)=-16

—© —

(©) v(r)=-34e* -16=-20

e*”:i; r:—lln 2 =1.070
17 2 \17
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1997 BC1

During the time period from # =0 to 7 =6 seconds, a particle moves along the path
given by x(¢) =3 cos(nt) and y(¢) =5 sin(nt).

(a)
(b)

(©)
(d)

Find the position of the particle when 7 =2.5.

On the axes provided below, sketch the graph of the path of the particle from
t=0 to t=6. Indicate the direction of the particle along its path.

=

of

How many times does the particle pass through the point found in part (a)?
Find the velocity vector for the particle at any time ¢ .

Write and evaluate an integral expression, in terms of sine and cosine, that gives the
distance the particle travels from r=1.25 to t=1.75.
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1997 BC1
Solution

(b)

()3

(d) x'(t)=-3xsin(zt) y'(t) =57z cos(rt)
;(t) = <—37z sin (m) , 57 cos (m)>

(e) distance = f;s \/97z2 sin® (1) + 257 cos® (xt) dit
=5.392
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1997 BC2

Let P(x)=7-3(x—4)+5(x—4)* =2(x—4)’ +6(x—4)* be the fourth-degree Taylor
polynomial for the function f about 4. Assume f has derivatives of all orders for all real
numbers.

(a) Find f(4) and f"(4).

(b) Write the second-degree Taylor polynomial for /' about 4 and use it to approximate

f'(4.3).
(c) Write the fourth-degree Taylor polynomial for g(x) = J.: f(¢)dt about 4.

(d) Can f(3) be determined from the information given? Justify your answer.
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1997 BC2
Solution

(@) f(4)=P(4)=7

m( " B
o= M(4)=-1

() P (x)=7-3(x—4)+5(x—4) ~2(x—4)
P/(x) =—3+10(x—4)_6(x_4)2
/(4.3)=-3+10(0.3)-6(0.3)" =-0.54

(©) P,(g.x jP(z)dt

- [ [7_3(1_4)+5(z-4)2_2(1-4)3}01;

3 2 5

=7(x-4)-2 (x-4) +§(x—4)3—%(x—4)4

(d) No. The information given provides values for

f(4),f’(4),f"(4) f'"( )andf ( )only.
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1997 BC3

Let R be the region enclosed by the graphs of y =In (x2 + 1) and y=cosx.

(a) Find the area of R .

(b) Write an expression involving one or more integrals that gives the length of the
boundary of the region R . Do not evaluate.

(c) The base of a solid is the region R . Each cross section of the solid perpendicular
to the x-axis is an equilateral triangle. Write an expression involving one or more
integrals that gives the volume of the solid. Do not evaluate.
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1997 BC3

Solution
Yy
(a) A
2__
R
f f f > X

—3 base
2

e

base

ln(x2 +1) =CoSx

x=+0.91586

let B=0.91586

area = ~[BB[cosx—ln(x2 +1)] dx
=1.168

area of cross section = %[cosx —In (x2 + 1)} X 73(005 x— ln(x2 + 1))

volume = J ) ?[cosx - ln(x2 + 1)]2 dx

-B
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1997 BC4

Let x=ky>+2, where k>0.

(a) Show that for all £ >0, the point (4, \/% ) is on the graph of x=ky* +2.

(b) Show that for all k >0, the tangent line to the graph of x = ky* +2 at the point
(4, \/% ) passes through the origin.

(¢) Let R be the region in the first quadrant bounded by the x-axis, the graph of
x =ky® +2, and the line x =4 . Write an integral expression for the area of the
region R and show that this area decreases as k increases.
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1997 BC4
Solution

@ 4=k(2]+2 ]

4=4

22 /

b)x=k’*+2
1=2kyﬂ
dx

ay
dx

1

y=2/k B 2\/ﬁ

the tangent line is

2 1
R e

1
= x which contains (0,0
_y Ny (0,0)

or

27k 1
4 22k

slope of the line through (0,0) and (4, N2/ k) is

| which is the same as the slope of the tangent line

(c) A= f ~(b7+2))

:ﬁj-z vx—2dx
A: 4\/§k70.5
3
a2

= —Tk’l‘s <0 forallk >0

thus the area decreases as k increases
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